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Nonlinearity from geometric interactions: A case example
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We propose a ladder model wherein dynamical nonlinearity arises from geometry. It includes two strings of
particles which are set along rigid rails of a “railroad” and coupled by linear springs. Physical realizations of
the model include dust-particle strings in plasma sheaths and chains of microparticles trapped in a strong
optical lattice. The transverse couplings between the strings, along with the motion constraint imposed by the
rails, generate nonlinearity. It gives rise to robust solitary waves, which are found analytically in the long-
wavelength limit, and are obtained in simulations of the full system.
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The importance of the interplay between nonlinear dy-stricted along the rail. The nonlinearity is then induced by
namics and geometry in dynamical-lattice settings is welithe linear springs coupling the two chains transversEly.
known. The relevant contexts vary from long-range interac-1).
tions on a fixed curved substraf#], to substrate-feedback  While our model appears structurally similar to previ-
models[2] and coupled atomic chaing], and from junc- ously considered ladder-type on&s1d], it is different, as all
tions between lattices with different mas$ésto semicircu- the underlying interactions are fully linear, there being no
lar polymer-like chain$5] and models of bent DNA6]. The  nonlinear on-site or inter-site potential. Yet, the geometric
unifying principle in all these situations is that the geometryconstraints induce a nonlinear transverse interadgtldh In
can significantly affect static configurations of the lattice asthe present work, transverse motion is absent, and the topic
well as its dynamical propertiedor instance, a variety of of interest is the analysis of longitudinal modes in the ge-
outcomes in the interaction of intrinsic localized modes withneric (nonresonant case. Accordingly, the continuum ap-
curvatureg. In certain cases, the geometfiyn particular, a proximation amounts to a system of coupled nonlinear
zigzag shape of molecular chaifig]) induces nonlinearity Schrodinger(NLS) equations with the cubic nonlinearity,
which leads to nontrivial dynamics through competition withand solitons found in the model are completely different
material nonlinearity. from those predicted in Ref3].

The above-mentioned works chiefly aimed to highlight The model introduced in this work applies to numerous
the importance of including the geometry in the dynamicalphysical systems. Two very straightforward applications,
description of the lattice. In particular, in order to understandwhich correspond to the RM in the literal form, are chains of
the complex dynamics in many applications to softdust particlesin a plasma sheath, and arrays of microparticles
condensed-matter objects, it is necessary to properly accoutthpped in a strong optical lattigge., a periodic potential
for the interplay of the nonlinearity and lattice discretenes§ormed by interference of laser beam$he dust chains in
with the curvature8]. More generally, physical systems at plasmas were studied in detail theoreticdtly] and experi-
the nanoscale, including nanotubes and electronic waveguid@entally[13]; moreover, a two-chain configuration was ana-
structured 9] are affected by the substrate. lyzed in Ref.[14]. Arrays of microparticles in the OL field

In the present work, we aim to underscore a differentwere also created experimentaflis].
point: the geometry not only should be examined in conjunc- |n the RM configuration shown in Fig. 1, the displace-
tion with nonlinearity, butgeometry alonenay be a source ments and momenta of the partici¢atoms” moving along
of nonlinearity. In particular, geometric constraints imposed

on simple systems whose underlying dynamics is entirely n-=1n Uy n+l

linear readily generate nonlinear interactions. The resulting Un
nonlinearity can sustain stable solitary waves. b Ur

As a prototypical example, we consider a fairly simple
ladder-type system that we call a “railway modéRM), see _ Un,

Fig. 1. Our aim is to induce nonlinearity through geometric
constraints, while the underlying interactions are purely lin-
ear. To this end, we examine the RM shown in Fig. 1, along FIG. 1. Schematic representation of the double string sitting on
the two rails of which two arrays of particles are placed,the pair of rails. The upper and lower strings are referred was
coupled by linear springs. The motion of the particles is rew chains. Solid lines designate linear interactions in the system.

a U,
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the two rails arei,,v, andp,,q,, respectively. The potentials
of the linear interaction between the adjacent atoms in the
two strings and between them are

-5

K
Un(Wne1 = W) = ?WE (Wne1 = Wn)zu w=(uv),
n
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n
Herel,=\b?+(u,—v,)? b is the distance between the rails,
and KUU and Q are the spring constants. The correspondingx ok
Hamiltonian ~ is  H=3{p%2m,+g%/2m,+U,(Up;1—Uy)
+U,(vpe1—vn) +U(Uy-v,)}, where m, and m, are the
masses of the particles in each string. It gives rise to the 1o

5
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equations of motion (a) t
MUy = Ky(Unsg + Up-g = 2U) = Q(Uy —vp) 2H
_ 5 - 1
x| 1-———=| 2 =
Vb™+ (U, —vp) | 2 °
-
MU, = K, (Uns1 +0n-1 = 200) = Qon = Up) -2 ’ . . . ‘ . , ) .
B b T ) 20 40 60 80 100 120 140 160 180 200
t
Vo™ + (U —vp)”

Thus the geometry of the problem introduces the nonlinear-
ity in the last terms in Eqq2) and (3). =
While diatomic systemgwith m,# m,) are interesting i~ w’
their own right, in such contexts as the creation of localized
excitations due to the opening of a gap in the linear spectrunr | [ . . , , , ‘ . .
[16,17, we hereafter restrict our considerations to the sim-() ° % % & & 10 12 w0 e s 200
plest case of the symmetric RM, witm,=m,=m and K
=K, =K. Notice that in the case of the synchronous motion of FIG. 2. Panel(a shows the spatio-temporal evolution of the
particles in the two strings, i.eu,=v,, the systen2) and(3) energy density in the two chains by means of contour plots and

is linear indeed, and the solution is obviou=A coqwt bottom parts pertain to the andv chaing. The initial condition
+ @)sin(kn), with w?=4(K/m)sir?(k/2). was taken as per the continuum-limit soliton. The solution retains

For more general solutions corresponding to the synchrgltS out-of-phase charactén,=-uv,) at all t>0. Panel(b) shows the

nized motion in the two chains, in the form of=av,, with motion of the central particle in the chain (top), and its energy
constante, Egs.(2) and (3) show that the only possibility (°°t™-
different froma=1 is a=-1, i.e., anti-phase motion in the
two chains. This is the S|mplest motion mode in which thehierarchy of stretched temporal and spatial scajese't and
geometry-induced nonlinearity manifests itself. nj=€n (j=0,1,2,..), assuming that the functionsandv
To obtain an approximate analytical form for localized are continuous functlons of the latter variables. Thgrare
excitations in the RM, we assume thag—v,|<b, hence the replaced by stretchedontinuumvariables,x;=an;(j=1).
potentials(1) can be expanded in the Taylor series, so thaOnly the most rapid scales will be explicitly indicated as
Egs.(2) and(3) reduce to ones with the cubic nonlinearity arguments of the functions.
Through straightforward calculations, we thus fiag
- K _ _ QL ao =2/K and arrive at the lowest-order equations
U, + m(zun Un+1 un—1)+ bz(un Un) =0, A a

&u _w 52 3Q

", 8o TR

—v* u?+ 2ulv|> - 2v[uf?), 5

(JulPu-v)2v +u* v?
Un+ E(2Un ~Uni1 " Un-d) * Q (vn— un)3: 0. (4
m 2mp?

Next, the lattice displacements are looked for in the form
(see, e.g., Ref[16]) u,()=€u(ty,...;x(,...)(~1)"eb v wdv 30
+0O(e)]+c.c., va()=€v(ty, ... X1, ...)(=1)"e"“0+O(e)] I = 5" 2
. . &tz 8 é'Xl 4b w
+c.c., c.c. Here we assume that the motionsiaggered
which is accounted for by the fact¢r1)", and introduce a —v* U2+ 2ulv|? - 2v|u)?). (6)

(JuPu-1Jv]2v +u* v?
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FIG. 3. The same as above, but with the zero initial field in the

v chain. The motion and energy of the central particle intfelain ,\?{024
are also showitby dashed lingsin the panekb). =
As mentioned above, the simplest nontrivial solutions can &°%
=

be sought in the forrm:—vz(Z\s‘“GTQ/bw)w. Then Eqs(6)
and (5) reduce to a single NLS equatiotdy/dr) = >l ox Y0 e -0 80
+2|¢1% with 7= wt,/8. One can thus construct approximate
solutions to EQgs. (4), using the u,(t) and vyt
expansions and the solutions of the single NLS equation as _.
the lowest-order approximation. In particular, one can
take the NLS soliton =7 seclnx,)exp(—iz?7), or
either of the following cnoidalperiodio waves(q is the
elliptic  function  modulux = (. + ol 2)dn( (7,

50 100 150 200

u,(t), vyt

+7]2/2)X1,q)e_i/2(ﬂi+ﬂg)7, Whereq2:47717]2/(,71+7]2)2' and W © o 10 20 30 40 5 60 70 80 90 100
= gen(v 72+ §2X1,q)ei(§2"72)7, whereq?= 72/ (2 + ). FIG. 4. Panela shows the same as par(®) in the previous

To verify the existence and stability of the nonlinear ex-figures for the initial configuration witl,=0.5u,, while panel(b)

citations predicted above in the small-amplitude quasi-ShOWS the case of the initial condition with,=0.751,. Panel(c)

continuum approximation, we performed direct simulationss_howslunl for t=0 (circle andt=100 (star§ for the solution ex-

of Egs.(2) and(3) with m,=m, andK,=K,. We looked for cited as per th_e quasi-continuum cr_10|dal pattern.The lower subplot
nonlinear excitations, similar to those predicted above, no%hOW.S the motion of the central particleg(t)=-vq(1), for the latter
only in the small-amplitude case, but also far from that limit solution.

(in particular, when the displacements of the atoms are comion domain, so that the dynamical behavior is not affected
parable to the separatiom between the rails Below, we by boundary conditions.

demonstrate nonlinear excitations whose intrinsic spatial Results are displayed in Figs. 2—4. Typical parameter val-
scale is definitely much smaller than the size of the integraues used wer®/m=1 (recall that we have scald¢/ m=1),
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and b=1. In Fig. 2 the soliton(with the phase shift ofr  closer to the in-phase mode, that gives rise to the purely
between the two chaingorresponding to the NLS soliton linear motion(see abovg than to the nonlinear anti-phase
was used as the initial condition. We mostly focused on thenode. We observe that in the former case, the system still
solitons rather than periodic waves, as the latter seem lesgngs to lock into an out-of-phase configuratidut it re-
straightforward to excite in the experiment, while the 5°”t°”quires a long relaxation time to do).itin the latter case
can be easny e_xpﬂed by setting a few_atoms In motion. ObY/vhen the initial configuration was very close to the in-phase
wogsly, the initial conﬂgurgﬂon rea}d|ly gxutes a rppust state, the system did eventually lock into the the linear in-
solitary-wave structure, which persists without S|gn|f|cantphase motion. However, the results clearly demonstrate the

loss. bust f the nonlinear behavior of the solit i
The deviation of the initial condition from the exact '0PUSINESS OT (€ noniin€ar behavior ot the solitary waves in

lattice-soliton solution results in excitation of an internal "€ RM. )

mode in the soliton, which also persists in the simulations. " Panel(c) of Fig. 4, we also show an example of the

Among two clearly observed frequencies of the displacemerfevolution of a spatially periodic pattern, initialized by the

pattern, the larger one is the overall frequency of the solitoncontinuum-limit solution. As is seen, such solutions also re-
while the smaller one belongs to its internal mode. adjust their profiles, and persist for long times. .

It is worth noting that, even in the numerical experiment We have proposed a model which exemplifies nonlinear-
in which only theu chain is initially excited, by creating the ity €merging from linear interactions through a geometric
continuum-limit soliton component in {Fig. 3), while thev restriction |mp(_)sed on the motion in a simple ladder-shaped
chain is initially at rest, the anti-phase motion of the coupledSyStem of particles with the interactions between them me-
chains is still an effective attractor, i.e., the chains readilydiated by linear springs. The model finds its physical realiza-
lock themselves into the out-of-phase mode. This demontions in terms of dust chains in plasmas, or arrays of micro-
strates the robustness of the nonlinear behavior, and its rearticles trapped in strong optical lattices. The resulting form
evance to a large set of initial conditiotigcluding, in par- Of the geometrically induced nonlinearity was derived and
ticular, those of the formy,=—au,, with any positivec). mvgsngatgd. Remarkable robustness of the corresponding

In Fig. 4, we report numerical experiments with initial lattice solitons was demonstrated numerically.
conditions that were even farther from the anti-phase state. In The support of COSYC Nos. HPRN-CT-2000-00158
particular, we initialized the motion by setting,=0.5u, (V.V.K.), NSF-DMS-0204585, CAREERP.G.K) and U.S.
[panel (a)] and v,=0.754, [panel (b)], which seems much DOE (A.R.B.) is gratefully acknowledged.
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